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1. Ordinary (strict) self-similarity
@ A stochastic process X(+) is H-SS with Hurst exponent H € (0,1) if
X(ct) £ c"X(@) fort > 0,¢ > 0
Note: £ denotes equality of the finite-dimensional distributions.

@® Main examples of strictly H-SS processes:
m Fractional Brownian motion (finite variance)
m Non-Gaussian a-stable processes (infinite variance)

@ There is a lack of good H-SS processes with finite variance.



2. Strict self-similarity for processes with drift
@ Stochastic process X(u;+) with drift y € R

X 1) = X(2) + et

@® The process X(-) is H-SS iff
X(ct) + ucet < cHX(t) + cutfort > 0
or
X(uc™;ct) 4 cHX(u;t) fort > 0.

@® Motivates an extended definition of self-similarity.



3. General self-similarity for families of processes
@® The family X is called general sense /H-SS with H € R if

X(uc™;ct) 4 cHX(u;t) fort > 0
forallc > 0and u € Q< R U{oo}.

@® Fixed point of renormalization group

c X (uct; cr) 4 X(u; 1) forall ¢ > 0.

@® Assume stationary increments (SI)
X(uss + 1) — X(u;8) < X(us 1) — X(u; 0) for ¢ > 0.
@® In general 4 ;= EX(u; 1) is a rate parameter,

EX(u;¢) = putforallt > 0and u € Q.



4. Covariance structure for self-similar families

@® Decfine variance function for Z-SSSI family X by
V(p) := VarX(u; 1) for p € Q = intQ.

@® Using X(u;1) 4 " X(ut'; 1) we obtain the variance in general
Vi(u;t) .= VarX(u;t) = 7V (ut' ).

@ Using that Var{X(u;?) — X(u;s)} =
VarX(u;s) + VarX(u; 1) — 2Cov<{X(u; s), X(1; )

the covariance becomes, for s,z > 0,

Cov<{X(u;s), X(u; 1)} = %{VH(M;S) + Vu(ust) = Va(us |t —s|) ).



5. Power variance function

@® Power variance function V'(u) = p? for u > 0 gives
VarX(u;t) = puPe>>

where D € [0,2) is a fractal dimension
FBM

D=H-Dp-2) 2201 -m.

@® The covariance is, for s,z > 0,
Cov{X(u;5),X(u; 1)} = %MP{S“) + 2P — |t =577}

@ The increments X(u;s + 1) — X(u;s) are
m Negatively correlated for D > 1.
m Uncorrelated for D = 1.
m Positively correlated for D < 1.



6. Families generated by exponential tilting

® Let Fl :~ X(u;¢). Define cumulant transform « by
k(0) = log j e dF! (x)
R

® Define F/, by exponential tilting,
dF}(x) = dF}(x)e®*®),
@ Decfine rate u = «(0) and variance function
V() = k(&' (w) for u € Q
@® The moment generating function for general ¢ is
Bexp{uX(u; )} = Eexp{ut"X(ut'™";1)}
= exp{x(ut® +0") — k(60" },

where 0' = &' (ut'). Gives exponential family for each ¢ > 0.



7. Hougaard Lévy processes

Hougaard Lévy process S,(u;?) is an exponential family of Lévy
processes with power variance function V(u) = p? for u > 0.
Define Tweedie distribution with mean u and variance ¢! ?

Tw,(u,t) :~ t71S,(u; 1)
Scale equivariance
cTw,(u,t) = Tw,(cu, cP>t)
implies
Sp(us 1) ~ (Tw,(p, 1) = Tw,(tu, t77')
Define the parameter a by
a=1+{-p)"!



alpha 4T

a=1+(1-p)!

® Theorem: The Hougaard family S, (u;¢) is H-SSSI for p + 2 with
H=1/a,where H=0 < o = —©



8. Examples of Hougaard Lévy processes, H = 1/
@® /H =0 (o =—): Poisson process  S;(u;?)
0-SSSI property:
S1(u; ) £ 8 (1; ).

@® /H <0 (a < 0): Compound Poisson processes (1<p<?2)
S1(u1st)

Sp(us) = D Xi(uwpis—a)

i=1
m X; are 1.1.d. gamma variables with index —a >0
m S:(up;¢) is a Poisson process with rate

a—1 -
Uy = p ‘ua/(a 1)

@® Example: H = a = —1: Exponential jumps.



Hougaard Lévy processes I

® /H =" (a = 2): Brownian motion with drift u € R
So(u;t) = B(t) +ut fort >0

® L<H<1(l<a<?2):S,(u;t) isan exponential tilting of
an extreme a-stable Lévy process S,(0;?) (p <0)
spectrally negative, support R.

® H>1(0<a<1):S,(u;t) is an exponential tilting of
a positive a-stable Lévy process S, (0;?) (p>2)

@® /H =2 (a = 1/2): The Inverse Gaussian process S3(u;¢) is
an exponential tilting of
a positive 2-stable Lévy process S3(; ).



Hougaard Lévy processes llI

@® /H = (a =0): The gamma process S>(u; )
satisfies a scaling property

cSy (i) £ Salep; 1)
"kind of co-SSSI".

® H=a=1:5.(u;t) an exponential tilting of
a 1-stable Lévy process S (0;?).
Satisfies an extended kind of 1-SSSI property
Sw(u + logc;ct) 4 c{S»(u;t) + tlogc}.
Gives an exponential variance function (p = «)
V(u) = e* for u € R.



9. Fractional Hougaard motions (work in progress)
@® LctZ,(¢) be an extreme a-stable Lévy process.
@ Decfine the linear fractional extreme a-stable motion Z, ;(¢) by
Zon(t) = | OOOO wa(t,1) dZ () for ¢ > 0,
where h = H—1/a, 0 < H < 1 and

/
(t—u)"—(—u)" for u<O
wi(t,u) = < (t—u)” for 0<u<t
0 for t < u.
N

@ Fractional Hougaard motion is an exponential tilting of Z, (7)
H-SSSI with power variance function V(u) = p?.

@® Special case p = 0 (a = 0) is the fractional Brownian motion.



10. Central Limit Theorem—strictly stable case
@ o-stable convergence forO <a <lorl <o <2
1. Stability of strictly a-stable Lévy process Z,(¢)
c ez, (ct) £ 7, forall ¢ > 0.
2. Convergence to a-stable Lévy process
e X(ct) S Zo(t) as ¢ — oo,
@® Accommodate drift in the notation,
X(u;t) = X(¢t) + utand Z,(u;t) = Z4(t) + ut.
@® Rewrite a-stable convergence:

1. Stability ¢ Z,(uc" s et) £ Zo (s t).
2. Convergence

c Ve X(ucl'*1; cf) 4 Z,(u;t) as ¢ » .



11. Hougaard convergence
® Hougaard Lévy process S,(u;?) 4 (Tw,(u,t) witha = 1+ (1 —p)~!
1. Stability
Va8, (ue e er) £ 8, (s ).
2. Convergence of exponential family X
cVax(uc ey ct) S S, (usf) as ¢ - oo.
3. Domain of attraction defined by
Vw) ~wpPasp | 0oru— oo,
depending on whether ¢! goes to 0 or oo.



12. Examples of Hougaard convergence

@® /H =0 (a =—): Poisson convergence to S| (u; 1)
1. Stability of Poisson process

Si(ucset) £ 1 (u31),

2. Convergence to Poisson process
X(ueser) S 81 (u0) as ¢ — .
3. Domain of attraction:

V(u) ~pasp | 0.
® Example: Bernoulli sequence X; ~Bernoulli(uc™!)

X1+ -+ X 4 S1(u,n) as ¢ > oo.



Hougaard convergence

@® /H <0 (a < 0): Compound Poisson convergence (1<p<?2)

1. Stability
Va8, (ue e er) £ S, (s ).
2. Convergence
c Ve X(uclet; cf) 4 S,(u;t) as ¢ > .
3. Domain of attraction

V() ~pPasu | 0.
@® E.g. exponential compound Poisson convergence (p = 1.5).
Comes up 1in Branching diffusion processes.



Hougaard convergence I

® /H =" (a = 2): Brownian motion with drift u € R
1. Stability
280 (e 25 et) £ So(u;1).
2. Convergence
V2X(ue 2 cf) S So(ust) as ¢ — .
3. Domain of attraction
V() ~p® =Tlaspu 0.

@® Classical central limit theorem.



Hougaard convergence I

® < H<1(l<a<?2): Extreme a-stable S,(u;7) (p < 0)
or H>1(0 < a < 1): Positive a-stable S, (u; 1) (p > 2)

1. Stability
Ve, (ueVe s cr) £ Sy (s 0).
2. Convergence
c Ve X(ueV et ef) S S, (ut) as ¢ — oo.
3. Domain of attraction
Vu) ~pPasu | 0oru— oo.

@® E.g. Inverse Gaussian convergence (p = 3, u — o).



Hougaard convergence lli

@® /H = (a =0): Gamma convergence S, (u;?).
1. Stability

182 (ues ) = Sa (s 0).
2. Convergence
I X(uest) S So(us)as ¢ | 0or e —» o,
3. Domain of attraction
V) ~p*asu | 0oru — .



Hougaard convergence lli
@® / = o = 1: Extreme 1-stable S, (u;?)

1. Stability

1S (u+ loge;ct) — tloge £ Sw(us1).
2. Convergence
c ' X(u +logc;ct) — tlogc 5 So(u;t) as ¢ - .
3. Domain of attraction
Viu) ~ e* as u - oo.



13. Lamperti-type convergence

@ Lct X(¢) be a stochastic process. Let A(c) - o0 as ¢ > oo.
m Convergence

A(e)' X(ct) 4 S(t) as ¢ » o
implies that
m S(¢) is self-similar and A(c) = ¢”L(c) is regularly varying.

@ Process with drift: X(u; 1) = X(¢) + ut.
m Convergence
A X(uA(e)e s ct) = A(e) " X(ct) + ut S S(0) + ut
implies that
m S(u;t) = S() + ut is self-similar.



14. Generalizing Lamperti convergence
@ Lect X(u;7) be a family of stochastic processes. Let A(¢) - o as

C — 00,
m Assume convergence

A(0) ' X(pA(e)e ™ set) > S(us 1)
m Does this imply that S(y;¢) is self-similar and A(c) = ¢L(c)?
@® True for L(c) constant.



15.

Main points

Strict self-similarity and general self-similarity.
Covariance structure determined by variance function V(u).
Power variance function V(u) = p?.

Exponential tilting.

Hougaard Lévy processes and fractional Hougaard motion.
Central limit theorem and Hougaard convergence.

Domain of attraction: V(u) ~ u? as u | 0 or u - oo.

Lamperti-type convergence.
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